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Selection rules for collision-induced rotational transitions of asymmetric top molecules are de­
rived by first order perturbation treatment. The theoretical results are in agreement with the results 
from four-level double resonance experiments in the microwave range.

C o llis iona l "S e lec tio n  R u le s"  fo r  A sy m m e tric  T o p  M olecules

Introduction

Four-level microwave double resonance experi­
ments provide information about selection rules and 
rates for collision-induced transitions between rota­
tional levels of molecules in gas phase, a topic which 
has been reviewed by Oka 1. So far, only a few ex­
periments on rotationally inelastic collisions of asym­
metric top molecules have been performed in the 
microwave range2-6. The results suggest a prefer­
ence of dipolar collisional "selection rules" in many 
cases. In this paper we will give some theoretical 
arguments to support this experimental evidence.

Theory

The subsequent theoretical treatment of molecular 
rotationally inelastic collisions is based upon several 
assumptions. At first, only bimolecular collisions 
are considered. Collisions which involve more than 
two molecules are more than six orders of magni­
tude less probable at the usual experimental pres­
sure (< 100  mT) and temperature conditions 
( — 70 °C to + 20 °C).

For the classification of intermolecular events the 
concept of strong and weak collisions has proved to 
be useful. We restrict ourselves to the limiting case 
of weak collisions which implies small intermolecu­
lar interaction energies of long range. Weak colli­
sions may be characterized in terms of molecular 
dimensions by assuming that the collisional impact 
parameter is large with respect to the sum of the 
van der Waals radii of the colliding molecules, i. e. 
no essential overlapping of the charge distribution 
of the molecules occurs. When treating the trans­
lational motion of the molecules classically which is 
generally believed to be feasible7a, the classical
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path is usually approximated to be linear in the 
weak collision limit7b. This is due to the fact that 
the translational motion is not appreciably affected 
in its energy by the smaller changes in rotational 
energies.

We consider only rotationally inelastic collisions 
and may treat for weak collisions the intermolecular 
potential as a small perturbation to the unperturbed 
effective rotational Hamiltonian of the two colliding 
molecules. We limit our discussion to a first order 
time dependent perturbation treatment i. e. to colli­
sions where the time integral over the intermolecular 
potential is small as compared to h. For many mole­
cules this approach should lead to reasonable results 
for impact parameters in the range from typically 
30 to 100 Ä.

With the above assumptions we get in first order 
approximation for the probability that the colliding 
molecules undergo a transition from initial state 
E"Bl + E[i?2 to final state EfEl + EfRi (see Ref. 7a) :

J V ^ 1 (i)
1 + oo
, /  (R j R j I V it) I R j R J ) eiAÊ 'h d*
h -oo

where R designates rotational states of the colliding 
molecules (1 and 2), AEr is the change of the total 
rotational energy due to the collision (AEr = EfRl 
+ £ f/?2-  E1r 2, in the weak collision
limit), and V (t) is the time-dependent intermolecu­
lar potential. The binary collision model used to 
derive (1) implies that the average collision time is 
short with respect to the average time between col­
lisions (impact approximation)8. The time depen­
dence enters via the center of mass motion of the 
colliding molecules which is treated classically so 
that time enters parametrically into the Hamiltonian. 
In order to obtain collisional "selection rules" in 
first order approximation it is sufficient to consider 
only the matrix element

Vit(t) = ( R jR j\V ( t) \R jR 2i) (2)
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in Equation (1). The initial and final state wave 
functions R±R2 ), \R1t R2t) are products of the 
eigenfunctions of the unperturbed rotational Hamil­
tonian of the colliding molecules. Depending on the 
type of collision partner they involve eigenfunctions 
of linear, symmetric or asymmetric top molecules. 
Rotational eigenfunctions of linear molecules can be 
treated as a special case of symmetric rotor eigen­
functions (£  = 0). Introductory to the derivation of 
selection rules for collision-induced transfer of ro­
tational energy of asymmetric rotors we will sum­
marize the results presented by Oka 1 for symmetric 
top molecules. When considering only Coulomb in­
teraction of the two colliding molecules we have:

V ( t ) = 2 g igk/r ik(t) . (3)
i, k

The distance of electron or nucleus i with charge q-, 
of molecule 1 to electron or nucleus k with charge 
qk of molecule 2 is denoted by rik(t).

The intermolecular potential (3) can be rewritten 
for non-overlapping charge distributions in terms of 
spherical harmonics Yjm 9:

= 4 ji  2  ^ C i1it C(l1l2l,m i m2m)
Z, m,w.

X --------Bi.M + 1------ ^  Ik r /1 rk1' Ylimi{&i, &i)

X Yltmt( 0 k,& k) (4)

with l = l4 + l2 .
R = (R ,0 ,< P ) vector of magnitude R connecting 

the center of mass of molecule 1 (CMt) to cen­
ter of mass of molecule 2 (CM2) ; 

Tj= (Tj, Oj, (Pj) position vector of magnitude of 
charge qj (j = i, k) relative to CMX and CM2 
respectively;

( 0 ,0 )  and (Oj,<Pj) (j = i, k) give the angular 
orientations of R, Tj and Tk with respect to the 
space-fixed axis system X, Y, 2.

mj m2 m) Clebsch-Gordon coefficients 19 
with m = m1 + m2 ,
r  ( - 1  y°-\ 4 7T (2 /+  1)! V'2 
Wi? 21+ 1 1(2^ + 1)! (2/2 + 1)!

We may now transform the spherical harmonics 
Yhmi &i) and Yltmi (Ok, &k) in (4) from the 
space-fixed axis system X, Y, Z:(F) to a molecule- 
fixed axis system x,y,z:{g), for example given by 
the molecular principal axes a, b, c. If (@;o, 
[j = i or k respectively] denotes the angular orien­
tation of r  [Ti or IV] with respect to the molecule-

orientated axis system, then 

Y U O j, &j) = i D lm>m(aßy)Y lm'(& j„  (5)
m' = - I

where Dlm'm (« ß y) is a matrix element of the rota­
tion operator with Eulerian angles a, ß and y that 
relates the orientation of the molecule-fixed axes to 
that of the space-fixed axes *. Defining the molecu­
lar multipole moments Mim'

Mim' = 2  gj rj1 Ylm' (Oj„, &h) , j  = i, k (6)
i

which are molecular quantities, and substituting (5) 
and (6) in (4) we have:
V(t) =4,71 2  2  Citit C(l1h l ,m 1m2m)

l, lt ml mt
Y U O (t) ,0 ( t) ]  r 

X ------ B(t\i + 1------  2 ^ « , '» ,  K P i / i )

X D^t'mt (a2 ß2 y2) Mhmi' Mh 
with I = lx + l2 .

(7)

Fig. 1. Definition of the Eulerian angles a, ß, y.

The multipole moments — so far treated classi­
cally — have to be replaced in accordance with the 
use of an effective rotational Hamiltonian by the 
averages over the respective ground vibronic states, 
in the following written as M/m' . The interaction 
potential as given in (7) contains only contributions 
from permanent multipole. Second order potential 
interaction terms such as induction and dispersion 
interaction are not considered here.

Substituting (7) in (2) with symmetric rotor 
functions J KM) for the two colliding molecules the

* With the definition of the rotation matrix and the Eule­
rian angles according to Rose u, the molecule-fixed axis 
system is transformed into the space-fixed axis system by 
successive application of a, ß and y (see Figure 1).



important part for the derivation of collisional selec­
tion rules is given by
MW  {Jj K j M j | Dm.'m, (<*! ßx 7X) | J j  K j M j) (8)

x Mw  {Jj K j M j I D \ .mi (a2 ß2 y2) \ J j  K j M j) .

We may now investigate only one of the two factors 
in (8) (assuming the other to be nonzero) and omit 
for simplicity the index (1 or 2) labelling the 
collisional partners. The discussion of the second 
factor would follow the same lines of thought. As the 
rotation matrix elements are eigenfunctions of the 
symmetric rotor 12

/ 2 I 4- 1 \l/2

= ( - ^ 2 L)1/2 e - iK° d U ( ß ) e - ^  (9)

we can conclude by examining their products in (8) 
that the transition / ' K[ M[ J1 K[ M[ may occur 
i f 1:

AM = Ml -  M1 = m , \ m \ £ l
AK = K[ - K l = m , \m '\<Ll (10)
AJ = ] 7f -  J[ | <; / ,  and J'1 + J1 ^  I .

The collisional selection rules (10) hold for non- 
vanishing multipole moments Mim' .

Whether the M[m' = (0 Mim' J 0) are zero is known 
from symmetry considerations. 0} denotes the 
totally symmetric ground vibronic state. Only those 
moments M\m' have to be considered which belong 
to the totally symmetric species of the point group 
of the molecules 13. The influence of the configura­
tion symmetry is explicitly shown below when de­
riving collisional selection rules for asymmetric 
top molecules.

For asymmetric rotors, the selection rules (10) 
hold for the rotational quantum numbers J and M. 
This follows immediately from the fact that the 
asymmetric rotor functions are linear combinations 
of symmetric rotor functions with the same J and M:

\J K_K+M) = 1  cijkm+ \ j  KM) . (11)
K

K_ and K+ are pseudo quantum numbers corre­
sponding to the quantum numbers of the limiting 
prolate and oblate symmetric top 14. In order to ob­
tain collisional selection rules for K_ K+ we have to 
consider the matrix element

(J[ KJ KJ M[ | Dlm'm (aßy) | / f K J  K j  M{) (12)
which will be discussed using symmetry arguments. 
The asymmetric rotor functions may be classified
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by the parity of K_ and K+ according to the irre­
ducible representation of the Four-group15, see 
Table 1.

Table 1. Character Table of the Four-group V (a, b, c) 
(e = even, o = odd) ; a, b, and c denote the molecular 
principal inertia axes with a the axis of least and c the axis 
of greatest moment of inertia.
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Symmetry Operations Parity of
species E C b C2c K +
A 1 1 1 1 ee
Ba 1 1 -1 -1 eo
Bb 1 -1 1 -1 oo
Bc 1 -1 -1 1 oe

To classify the matrix element (12) with respect 
to the Four-group species we have to symmetrize the 
rotation matrix elements Dlm>m (aß y ). Remembering 
the fact that Dlm'm (aßy) is related to the symmetric 
rotor functions according to (9) this symmetriza- 
tion may be performed by introducing Wang-type 
functions 16, a procedure which is common in the 
asymmetric rotor problem. 

Let

Slm'me(o. ß y)

=  1 [ D lm (aßy) + ( - 1  )eD lm-m{aßy)] 
V for m >  0 (13 a)

with
<? = 0,1

and

5om (aßy) = D lom (aßy) for m =  0 . (13 b)

Then, referred to a molecule-fixed x, y, z system * 
with quantization axis z, the symmetrized functions 
•Jm'tno (a ß y) transform like:

• Om'mg "̂dm'mQi 
r  X. ql , ( i \l + m' + e cl ,

c 2y: Sm'mQ ( — l ) ̂ +  ̂5 /«'»ip,
Co?: Sm'mQ ( — \ ) m S m'niQ • (14)

To derive (14) the transformation properties of 
dm'm (ß) according to Edmonds 17 have been used.

The relationship to the species of the Four-group 
V (x, y, z) is given by the even or odd character of 
l + Q and m', see Table 2. The symmetry classifica­
tion with respect to V(a,b,c) depends on the cor-

* We choose here the general x, y, z-system because the 
choice of the correlation between the x, y, z- and a, b, c 
axes may simplify the symmetry considerations (see the 
example given later).
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relation of x, y, z with a, b, c. The rotation matrix 
elements Dm-m (a ß y) in (12) may be written, using 
(13 a)

Dlm'm(aßy) = [SL'OTl (a ß Y) + S m'mo{aßy)] 
for m' + O. (15)

(16) for nonzero Mjm' the selection rules
A++A, BX* B X, By ^ B v, BZ* B Z, (17 a)

BẐ A ,  Bd B,,

With (13 b) and (15) the Dm'm(aßy) are ex­
pressed by the symmetrized functions Sm'mg (a ß y) • 
They are the basis functions of reducible represen­
tations of V(x,y,z) which contain, according to 
Table 2 the following irreducible representations:

A + B z for m 4= 0, even
By + Bx for m +  0, odd (16 a)

irrespective of the parity of I, and
A for m =0,1 even,
Bz for m = 0 ,1 odd. (16 b)

If the matrix element (12) is not to vanish its 
product species * must contain after reduction the 
totally symmetric species A of V. This gives with

Table 2. Species relationship of functions Sî me.

A 

A 

A

Bz (17b)
for m =)= 0, even 

-Bx, A ^  By, BX̂ B Z, By'
for m 4= 0, odd 

-A, BX̂ B X, By^By, BẐ B Z (17c)
for m =0,1  even 

'B z, Bx^ B y  (17 d)
for m = 0, / odd .

Collisional selection rules in terms of the parity of 
K_K+ are obtained from (17) and Table 1 for a 
given representation of the principal axes a, b, c by 
x, y, z. The nonvanishing multipole moments Mim' are 
obtained by consideration of the configuration sym­
metry of the colliding molecules. In some cases of 
configuration symmetry 1 it is necessary to use in­
stead of the M/m' linear combinations of them given 
by

1Mlm' V2 (Mlm'± M t. m') t m' + 0 (18)

Species of 
V(x, y, y)

m' i+e

A e e
Bz e o
By o e
Bx 0 0

which belong to irreducible representations of the 
molecular point group (see example of Cey-sym- 
metry below). To formulate collisional selection 
rules we then have to rewrite the interaction poten­
tial V (t) (7) in terms of Mm and Mfm' . By using 
(13) and (18) we have for m 4=0:

'm (aß  y)Mt + D -m'm (a ß y)Mi

Du  I
1(aßy) • ^=(Mim> +Mim>) + D .m'm(a ß y) • (Mh Ml

V2 [L)lm'm
(a ß y )+ D

— dm m
Inserting (19) for m 4=0 into (7) gives:

(aß y )] Mim' +  [Dlm'm ( a ß y ) -  Dlm'm (« ß y) ] Mjm>

0 (a ß y )Mim' + S lm'mo (a ß y )Mim' . (19)

V(t) = 4 7 t2  2  Ci1i1C(l1l2l,m 1m2m)
ltlt m̂m,

-it, / n si* al

Y fa[0 (t),& (t)]
R (t)l + 1

x {50m, K  ßt yt )Mho Sl0m, (a2 ß2 y2)Mh0
+ SlJmi(aiß i  Yi)Mho 2  [Smt'rn^ (a2ß2y2)Mi

h / _ o \ n4 V r oh

+ Slmt'm2l (a2ß2 y2)Mi2m,']

+ So m, (a2 ß2 y2) Mlt0 2  [Sm/m.o (ai ßi Yt) nil + SmiTTlil (ai ßi Yi) Mh»,']m1'>0
+  2  [5m/IB, 0 Wtßx Yi) ^ tm ,' + S lml'm1i (a± ßxyx) Af/~Wl'] 

0mt'> 0
X Sm,' m,

* Product of species which belong to [ PK iK 'Mi), | J{K fK and Dlm-m(a ß y).
(20)
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As before we will only consider molecule 1 and omit 
the indices. For m =)= 0 we then have to consider the 
matrix elements

(J[ K J KJ M! | sL'm o (a ß y) 1J[ K J K j  Mf) (21 a)

for nonzero M\m• and
(J[ K J KJ M[ \ S l m i (aßy) | P K J K J Mf) (21 b)

for nonzero Mim>.
Examining Table 2 gives the collisional selection 

rules for m 4= 0:
A * A , BX* B X, Bu ^ B y, Bz

for m even

A ^ B Z, By+*~BX
for m even

By, Bj B,
for m odd 

for Tn odd

Bz
I even, Mim■ 4= 0 , 
I odd, Mjm> + 0 ; (22 a)

I odd, Mim' 4= 0 , 
Zeven, M[m- 4=0; (22b)

I even, Mtm> 4= 0 , 
/ odd, Mm *  0 ; (22 c)

I odd, Mim' 4= 0 ,
I even, Mjm> =# 0 . (22 d)

For m = 0, see (17 c, d ).
It should be noted that the rules (17) and (22) 

hold partly also in the higher order approximation 
of the collisional process *. Thus, the rules (17a, c) 
and (22 a) hold irrespective of the order of per­
turbation treatment ** and rules (17d), (22b —d) 
have to be extended by (22 a ).

In the case of (17 b) no specific selection rules 
are obtained in higher order approximation.

Application of the Theory to an Example
In order to illustrate the preceding discussion, we 

will now consider the special case of colliding 
ethylene oxide, C2H40, molecules. Collisional energy 
transfer between rotational levels of C2H40  and 
C2D40  has been extensively studied in our labora­
tory by means of four-level microwave-microwave 
double resonance technique6' 19. The results of this 
work will be published separately and give strong 
support for the theoretical arguments.

* Sor second order contributions see Ref. ,a and Verter 
et al 18.

** Interference effects due to the presence of different 
multipole terms 7a are not considered here.

With the correlation
b,a ,c z,y ,x (23)

of the molecule fixed axes, the z-axis is chosen along 
the axis of maximum rotation symmetry. The mo­
lecular point group is C^y, the character table of 
which is given in Table 3.

Species
E C2*

Operations 
o (x, z) a(y, 2)

At 1 1 1 1
a 2 1 1 -1 -1
bt 1 -1 1 -1
b2 1 -1 -1 1

Table 3. 
Character Table 
of C2v-group.

We will now derive from symmetry considerations 
the nonvanishing permanent multipole moments of 
C2H40  up to I = 2, i. e. dipole and quadrupole mo­
ments. Higher order multipole moments are believed 
to be less important for weak collisions due to the 
decrease of range [l//?(j)* + 1 in (7)] with increas­
ing I. The multipole moments M/m' are defined in 
polar coordinates r, @0, 0 O of the molecular point 
charges according to (6). The polar coordinates 
transform under the operations of the C2v-group 
like (Index j suppressed) :

*0,
&0+JI, 
- $ 0  + 2 Ji,

<2>c

0 O, <P0 * - $ 0 + j i.  (24)

E: r ,
C2Z: r r, 0 O

o(y,z) : r ^  r, 0 O
o (y, z) : r r, 0 O

With (6) and (24) and the symmetry behaviour of 
the spherical harmonics Yim'( 0 o, 0 O) it follows that 
the Mjm' induce reducible representations of Coy ? 
see Table 4.

By reduction we obtain the result that the Mfm> 
as defined in (18) and M/0 transform according to

Table 4. Transformation properties of the Y\m< under C«y .

CS o (x, z) o (y, z)

:•_,) (o ?) ( - S - ! )  (! I) ( - J - J )

-1  o
o -1» \ (1 0

2-1 / \0 1
(V22 \ (1 0) I 1 0
\y2_2; lo 1/ \ o i

( - !  ~ o ) 

( ?  o)
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irreducible representations of Cov . The relation of 
the M/o and Mfm' to the species is given in Table 5.

Species
of Coy

Ax M10 , M20 , M22
a 2 Ml*
B* m», ML
b2 Mli, M21

Table 5.
Assignment of Mfm- , M/o 
to species of Ĉ v-group.

Using the alternative definitions of the dipole and 
quadrupole moments with respect to the principal 
axes a, b, c we have:

V g=I<li9i (25a) j
Qgg' = 2  qj (3 gj g j -  Tj2 dgg-) (g, g = a, b, c) (25 b) 

i
where the sum is over all charges qj with cartesian 
coordinates a,j, b j, Cj. Then for ethylene oxide with 
axis representation (23) :

M

r 1 /10 — r
r 1
20 = 4
r+ _ 1
22 — 4

4 71

Qbb ,

3 71 (Qcc-Qaa) •

(26 a)

(26 b)

First we consider the collisional selection rules which 
arise from the nonvanishing expectation value of the 
dipole moment jub . In first order we have with 
(10), (17 d), and (23) :

Aj = j l - j f = o, ± i  (O-bO) (27a)
AM = Ml - M l = 0, ±  1 (27b)

A * B b, Bc ^ B a . (27c)
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With Table 1 we rewrite (27 c) in terms of the 
eveness or oddness of K_ K+:

K J K J ^ K J K J :  ee ■**■ oo (28 a) 
oe eo .

In our approximation the following transitions are 
forbidden:

ee ee 
oo oo 
eo eo
oe «-k oe

ee *■{■* eo 
ee oe 
oo eo 
oo -<-k oe .(28 b) oo oe . (28 c)

Note that rule (28) holds partly in higher order 
approximation, i. e. no dipole collision induced tran­
sitions of the type (28 c) occur.

The collisional selection rules due to the quadru- 
pol moments M20 and MZ-2 are given by (10), 
(17 c), (22 a) and (23) to

AJ = 0, ± 1 , ± 2  (0H -0), (OH-1) 
AM = 0, ± 1 , ± 2  

A ^ A , Ba^ B a Bb* B b, BC* B C. 

Rewriting (29 c) in terms of K_ K+ gives: 
K J K J ^ K J K J :

(29 a) 
(29 b) 
(29 c)

ee 
eo 
oe 
oo

ee 
eo 
oe 
oo (30)

Rule (30) is not restricted to the first order pertur­
bation treatment.
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